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dx2m
− d
2m−2
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Abstrat. In the paper properties of the disrete analogueDm(hβ) of the dierential operator
d
2m
dx2m
− d
2m−2
dx2m−2
are studied. It is known, that zeros of dierential operator
d
2m
dx2m
− d
2m−2
dx2m−2
are funtions ex, e−x and P2m−3(x).
It is proved that disrete analogue Dm(hβ) of this dierential operator also have similar properties.
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rete analogue of a dierential operator, Euler polynomial.
Present work is dediated to investigation of properties of the disrete analogue of one
dierential operator. We give neessary denitions and formulas.
Denition 1. Funtion ϕ[β] = ϕ[β1, β2, ..., βn] is alled by funtion of disrete argument, if
it given on some set of integer values β = (β1, β2, ..., βn).
Denition 2. By inner produt [ϕ, ψ] of two disrete funtions ϕ[β] and ψ[β] is alled the
number
[ϕ, ψ] =
∑
β∈B
ϕ[β]ψ¯[β], (1)
if the series in right hand side of (1) onverge absolutely. Here B is a domain of denition of
ϕ[β] and ψ[β].
Denition 3. By onvolution ϕ[β] ∗ ψ[β] of two funtions ϕ[β] and ψ[β] is alled the inner
produt
χ[β] = ϕ[β] ∗ ψ[β] = [ϕ[γ], ψ¯[β − γ]].
Following formula holds [1℄
n−1∑
γ=0
qkγk =
1
1− q
k∑
i=0
(
q
1− q
)i
∆i0k −
qn
1− q
k∑
i=0
(
q
1− q
)i
∆iγk|γ=n. (2)
When |q| < 1 from (2) we have
∞∑
γ=0
qkγk =
1
1− q
k∑
i=0
(
q
1− q
)i
∆i0k. (3)
Euler polynomial Ek(λ) [2℄ is given by following formula
Ek(λ) =
(1− λ)k+2
λ
Dk
λ
(1− λ)2
, where D = λ
d
dλ
, Dk = λ
d
dλ
Dk−1. (4)
For Euler polynomials following theorem is valid [3℄
Theorem 1. Polynomials
Pk(x) = (x− 1)
k+1
k+1∑
i=1
∆i0k+1
(x− 1)i
1
and
Pk(
1
x
) = (
1
x
− 1)k+1
k+1∑
i=1
(
x
1− x
)
∆i0k+1
are Euler polynomials Ek(x) = Pk(x) and Ek(
1
x
) = Pk(
1
x
) respetively.
In onstrution of optimal quadrature and ubature formulas the disrete analog Dm,n[β] of
the polyharmoni operator ∆m = ( ∂
2
∂x2
1
+ ∂
2
∂x2
2
+ ... + ∂
2
∂x2n
)m plays main role in L
(m)
2 (R
n) spae.
First in L
(m)
2 (R
n) spae onstrution and investigation of properties of onvolution of disrete
operator with funtion Gm,n[β], where Gm,n(x) is a fundamental solution of the polyharmoni
operator, were studied by Sobolev [4℄. The disrete argument funtionDm,n[β] satises following
equality
Dm,n[β] ∗Gm,n[β] = δ[β],
where δ[β] is equal to 1 as β = 0, is equal to 0 as β 6= 0. Sobolev gave the algorithm for nding
of funtion Dm,n[β] and proved several properties of this funtion.
In one dimensional ase, i.e. in L
(m)
2 (R) spae disrete analogue of the dierential operator
d2m
dx2m
was onstruted by Z.J.Jamalov [5,6℄. But there were not foundm+1 unknown oeients.
In the work [7℄ were found expressions of that unknown oeients and disrete analogue of
the dierential operator
d2m
dx2m
was ompletely onstruted.
In onstrution of the optimal quadrature formulas in W
(m,m−1)
2 (0, 1) spae with the help
of Sobolev's algorithm [4℄ as above we need to onstrut a disrete analogue of the dierential
operator
d2m
dx2m
− d
2m−2
dx2m−2
instead of operator
d2m
dx2m
. Here W
(m,m−1)
2 is Hilbert spae and norm of a
funtion from this spae is given by formula:
‖ϕ(x)|W
(m,m−1)
2 (0, 1)‖ =

 1∫
0
(
ϕ(m)(x) + ϕ(m−1)(x)
)2
dx


1/2
.
In work [8℄ was onstruted the disrete analogue Dm(hβ) of the dierential operator
d2m
dx2m
−
d2m−2
dx2m−2
, whih satises following equality
Dm(hβ) ∗ ψm(hβ) = δ(hβ), (5)
where
ψm(x) =
signx
2
(
ex − e−x
2
−
m−1∑
k=1
x2k−1
(2k − 1)!
)
. (6)
is a solution of equation (
d2m
dx2m
−
d2m−2
dx2m−2
)
ψ(x) = δ(x), (7)
2
δ(hβ) =

 1, β = 0,0, β 6= 0. (8)
Disrete funtion Dm(hβ) plays important role in onstrution of optimal quadrature formulas
in W
(m,m−1)
2 (0, 1) spae. For the disrete operator Dm(hβ) following theorem holds.
Theorem 2 [8℄. Disrete analogue of the dierential operator
d2m
dx2m
− d
2m−2
dx2m−2
satisfying equality
(5) has following form:
Dm(hβ) =
1
p
(2m−2)
2m−2


m−1∑
k=1
Akλ
|β|−1
k , |β| ≥ 2;
−2eh +
m−1∑
k=1
Ak, |β| = 1;
2C +
m−1∑
k=1
Ak
λk
, β = 0,
(9)
where
C = 1 + (2m− 2)eh + e2h +
eh · p
(2m−2)
2m−3
p
(2m−2)
2m−2
, (10)
Ak =
2(1− λk)
2m−2[λk(e
2h + 1)− eh(λ2k + 1)]p
(2m−2)
2m−2
λkP
′
2m−2(λk)
, (11)
P2m−2(λ) =
2m−2∑
s=0
p(2m−2)s λ
s = (1− e2h)(1− λ)2m−2 − 2(λ(e2h + 1)− eh(λ2 + 1))×
×
[
h(1− λ)2m−4 +
h3(1− λ)2m−6
3!
E2(λ) + ... +
h2m−3E2m−4(λ)
(2m− 3)!
]
, (12)
p
(2m−2)
2m−2 , p
(2m−2)
2m−3 are oeients of polynomial P2m−2(λ), λk are roots of polynomial P2m−2(λ),
|λk| < 1 , Ek(λ) is Euler polynomial [2℄.
Aim of the present work is investigation of properties of the disrete analogue Dm(hβ)
of the dierential operator
d2m
dx2m
− d
2m−2
dx2m−2
. It is known, that zeros of the dierential operator
d2m
dx2m
− d
2m−2
dx2m−2
are ex, e−x funtions and a polynomial P2m−3(x) of degree 2m− 3. The disrete
operator Dm(hβ) also has similar properties, i.e. following is valid
Theorem 3. The disrete analogue Dm(hβ) of the dierential operator
d2m
dx2m
− d
2m−2
dx2m−2
when
m = 1, 2, 3 satises following equalities
1) Dm(hβ) ∗ e
hβ = 0;
2) Dm(hβ) ∗ e
−hβ = 0;
3) Dm(hβ) ∗ (hβ)
n = 0, n ≤ 2m− 3, i.e. onvolution of Dm(hβ) with a polynomial of degree
≤ 2m− 3 when m = 2, 3 is equal to zero;
4)Dm(hβ)∗ψm(hβ) = δ(hβ), where ψm(hβ) and δ(hβ) are dened by (6) and (8), respetively.
3
Proof of theorem 3.
We prove the theorem by diret alulation of all onvolutions.
1). For onveniene leading oeient of the polynomial P2m−2(λ) we denote by:
p = p
(2m−2)
0 = p
(2m−2)
2m−2 = (1− e
2h) + 2eh
(
h +
h3
3!
+ ... +
h2m−3
(2m− 3)!
)
. (13)
Using the denition of onvolution of disrete funtions and equality (9), we alulate onvolution
Dm(hβ) ∗ e
hβ
:
F1 = Dm(hβ) ∗ e
hβ =
∞∑
γ=−∞
Dm(hγ)e
hβ−hγ = ehβ
∞∑
γ=−∞
Dm(hγ)e
−hγ =
=
ehβ
p
(
m−1∑
k=1
Ak
λk
∞∑
γ=1
[
(λke
h)γ + (
λk
eh
)γ
]
− 2(e2h + 1) + 2C +
m−1∑
k=1
Ak
λk
)
. (14)
Sine |λke
h| < 1 and |λk
eh
| < 1, then innite series in equality (14) are onvergent. Then
F1 =
ehβ
p
(
m−1∑
k=1
Ak
λk
[
λke
h
1− λkeh
+
λk
eh − λk
]
− 2(e2h + 1) + 2C +
m−1∑
k=1
Ak
λk
)
.
Hene, taking into aount equalities (13), (11) and after some simpliations, we get
F1 =
2ehβ+h
p
m−1∑
k=1


(1− λk)
2m−2
λk
2m−2∏
i=1,i6=k
i6=2m−1−k
(λk − λi)
−
(1− λk)
2
λk

 . (15)
Let m = 1, then from (15) we obtain, that F1 = D1(hβ) ∗ e
hβ = 0.
Let m = 2, then equality (15) gives
F1 = D2(hβ) ∗ e
hβ =
2ehβ+h
p
(
(1− λk)
2
λk
−
(1− λk)
2
λk
)
= 0
Now, let m = 3, then from (15) we get
F1 = D3(hβ) ∗ e
hβ =
2ehβ+h
p
m−1∑
k=1


(1− λk)
2m−2
λk
4∏
i=1,i6=k
i6=5−k
(λk − λi)
−
(1− λk)
2
λk

 =
=
2ehβ+h
p
( (1− λ1)4
λ1(λ1 − λ2)(λ1 − λ3)
−
−
(1 − λ1)
2
λ1
+
(1− λ2)
4
λ2(λ2 − λ1)(λ2 − λ4)
−
(1− λ2)
2
λ2
)
.
Hene, taking into aount λ1λ4 = 1, λ2λ3 = 1 and after some alulations we have
F1 =
2ehβ+h
p
(
(1− λ1)
2(1− λ2)
2
(λ1 − λ2)(λ1λ2 − 1)
−
(1− λ1)
2(1− λ2)
2
(λ1 − λ2)(λ1λ2 − 1)
)
= 0.
4
2). Now onsider onvolution F2 = Dm(hβ) ∗ e
−hβ
.
F2 = Dm(hβ) ∗ e
−hβ =
∞∑
γ=−∞
Dm(hγ)e
−hβ+hγ = e−hβ
∞∑
γ=−∞
Dm(hγ)e
hγ .
Sine Dm(hβ) is even funtion, then
F2 = e
−2hβF1.
Hene, taking aount of 1), when m = 1, 2, 3 we obtain, that F2 = 0.
3). Consider onvolution F3 = Dm(hβ) ∗ (hβ)
n.
Let n = 0, then in m ≥ 2 taking into aount (9) we have
Dm(hβ) ∗ 1 =
∞∑
γ=−∞
Dm(hγ) = 2
∞∑
γ=2
+2Dm(h) +Dm(0) =
=
1
p
(
m−1∑
k=1
Ak
1 + λk
λk(1− λk)
− 4eh + 2C
)
. (16)
For m = 2 from (16), taking aount of equalities (10), (11), we have
D2(hβ) ∗ 1 =
1
p
(
A1
1 + λ1
λ1(1− λ1)
− eh
λ21 + 1
λ1
+ 2(e2h + 1)
)
=
=
1
p
(
−2(e2h + 1) + 2eh
λ21 + 1
λ1
+ 2(e2h + 1)− 2eh
λ21 + 1
λ1
)
= 0. (17)
For m = 3 from (16), taking aount of (10), we get
D3(hβ) ∗ 1 =
=
1
p
(
A1(1 + λ1)
λ1(1− λ1)
+
A2(1 + λ2)
λ2(1− λ2)
−
2eh(λ21 + 1)
λ1
−
2eh(λ22 + 1)
λ2
+ 2(eh + 1)2
)
.
Hene, using (11), after simpliations we obtain
D3(hβ) ∗ 1 =
1
p
(
− 2(eh + 1)2 + 2eh
λ21 + 1
λ1
+ 2eh
λ22 + 1
λ2
+
+2(eh + 1)2 − 2eh
λ21 + 1
λ1
− 2eh
λ22 + 1
λ2
)
= 0. (18)
Let now n = 1, then, using equalities (17), (18) and taking into aount of evenness of the
funtion Dm(hβ), for m = 2 we get
D2(hβ) ∗ (hβ) =
∞∑
γ=−∞
D2(hγ)(hβ − hγ) = hβ
∞∑
γ=−∞
D2(hγ)−
∞∑
γ=−∞
D2(hγ)(hγ) = 0 (19)
and also for m = 3 we obtain
D3(hβ) ∗ (hβ) = 0. (20)
5
Let n = 2, then taking into aount (9), (18), (20) for m = 3 we have
D3(hβ) ∗ (hβ)
2 =
∞∑
γ=−∞
D3(hγ)(hβ − hγ)
2 =
∞∑
γ=−∞
D3(hγ)(hγ)
2 =
=
2h2
p
(
2∑
k=1
Ak(1 + λk)
(1− λk)3
− 2eh
)
.
Hene using (11) and after simpliations we get
D3(hβ) ∗ (hβ)
2 =
4h2
p
(
eh(λ1 − λ2)(λ1λ2 − 1)
(λ1 − λ2)(λ1λ2 − 1)
− eh
)
= 0. (21)
For n = 3 andm = 3, taking aount of (18), (20), (21) and evenness of the funtionDm(hβ),
we obtain
D3(hβ) ∗ (hβ)
3 =
∞∑
γ=−∞
D3(hγ)(hβ − hγ)
3 =
∞∑
γ=−∞
D3(hγ)(hγ)
3 = 0.
4). Consider onvolution F4 = Dm(hβ) ∗ ψm(hβ) = δ(hβ). Taking into aount evenness of
funtions Dm(hβ) and ψm(hβ) and denition of onvolution of disrete funtions, we obtain
Dm(hβ) ∗ ψm(hβ)|β=0 =
∞∑
γ=−∞
Dm(hγ)ψm(hβ − hγ)|β=0 =
∞∑
γ=−∞
Dm(hγ)ψ(hβ).
Hene, taking aount of (6) and (9) we have
Dm(hβ) ∗ ψm(hβ)|β=0 =
2
p
(
−2eh +
m−1∑
k=1
Ak
)
·
1
2
(
eh − e−h
2
−
m−1∑
k=1
h2k−1
(2k − 1)!
)
+
+
2
p
∞∑
γ=2
m−1∑
k=1
Akλ
γ−1
k
1
2
(
ehγ − e−hγ
2
−
m−1∑
j=1
(hγ)2j−1
(2j − 1)!
)
=
=
1
p
(
1− e2h + 2eh
m−1∑
k=1
h2k−1
(2k − 1)!
)
+
1
p
m−1∑
k=1
Ak
(
eh − e−h
2
−
m−1∑
j=1
h2j−1
(2j − 1)!
)
+
+
1
p
m−1∑
k=1
Ak
λk
∞∑
γ=2
λ
γ
k
(
ehγ − e−hγ
2
−
m−1∑
j=1
(hγ)2j−1
(2j − 1)!
)
. (22)
Using (13) and taking into aount onvergene of innite series in equality (22), we get
Dm(hβ) ∗ ψm(hβ)|β=0 = 1 +
1
p
m−1∑
k=1
Ak
λk
( λkeh
2(1− λkeh)
−
−
λke
−h
2(1− λke−h)
−
m−1∑
j=1
h2j−1
(2j − 1)!
∞∑
γ=1
λ
γ
kγ
2j−1
)
.eqno(23)
Using denition and properties of Euler polynomial, and also (3), we get
∞∑
γ=1
λ
γ
kγ
2j−1 =
1
1− λk
2j−1∑
i=0
(
λk
1− λk
)i
∆i02j−1 =
6
=
λ
2j−1
k
(1− λk)2j
E2j−2
(
1
λk
)
=
λk
(1− λk)2j
E2j−2(λk). (24)
Here E2j−2(λ) is Euler polynomial of degree 2j − 2.
From (23), taking aount of (24), we have
Dm(hβ) ∗ ψm(hβ)|β=0 = 1 +
1
2p
m−1∑
k=1
Ak
( eh
1− λkeh
−
1
eh − λk
−
−2
m−1∑
j=1
h2j−1E2j−2(λk)
(2j − 1)! · (1− λk)2j
)
.
Hene, keeping in mind that λk is a root of polynomial P2m−2(λ) and using (12), we get
Dm(hβ) ∗ ψm(hβ)|β=0 = 1 +
1
2p
m−1∑
k=1
Ak
P2m−2(λk)
(λkeh − 1)(eh − λk)(1− λk)2m−2
= 1.
Should be noted, that he we obtained
∞∑
γ=1
λ
γ
kψm(hγ) =
1
2
∞∑
γ=1
λ
γ
k
(
ehγ − e−hγ
2
−
m−1∑
k=1
(hγ)2j−1
(2j − 1)!
)
=
=
P2m−2(λk)
2(λkeh − 1)(eh − λk)(1− λk)2m−2
= 0 (25)
Now we prove, that in any β 6= 0, β is a integer and m = 1, 2, 3 following holds
Dm(hβ) ∗ ψm(hβ) = 0
Using the denition of onvolution of disrete funtions we get
Dm(hβ) ∗ ψm(hβ) =
∞∑
γ=1
Dm(hβ + hγ)ψm(hγ) +
∞∑
γ=1
Dm(hβ − hγ)ψm(hγ).
From here one an see, that it is suient to onsider ase β > 0.
Let β > 0, then
Dm(hβ) ∗ ψm(hβ) =
β−2∑
γ=1
Dm(hβ − hγ)ψm(hγ) +Dm(h)ψm(hβ − h)+
+Dm(0)ψm(hβ) +Dm(−h)ψm(hβ + h) +
∞∑
β+2
Dm(hγ − hβ)ψm(hγ)+
+
∞∑
γ=1
Dm(hβ + hγ)ψm(hγ).
Hene, keeping in mind (9), we obtain
Dm(hβ) ∗ ψm(hβ) =
1
p
β−2∑
γ=1
m−1∑
k=1
Akλ
β−γ−1
k ψm(hγ) +Dm(h)ψm(hβ − h)+
7
+Dm(0)ψm(hβ) +Dm(−h)ψm(hβ + h) +
1
p
∞∑
β+2
m−1∑
k=1
Akλ
γ−β−1
k ψm(hβ)+
+
1
p
∞∑
γ=1
m−1∑
k=1
Akλ
β+γ−1
k ψm(hγ) = Dm(h)ψm(hβ − h)+
+Dm(0)ψm(hβ) +Dm(−h)ψm(hβ + h) +
1
p
m−1∑
k=1
Akλ
β−1
k
β−2∑
γ=1
λ
−γ
k ψm(hγ)−
−
1
p
m−1∑
k=1
Akλ
−β−1
k
β+1∑
γ=1
λ
γ
kψm(hγ) +
1
p
m−1∑
k=1
Akλ
−β−1
k
∞∑
γ=1
λ
γ
kψm(hγ)+
+
1
p
m−1∑
k=1
Akλ
β−1
k
∞∑
γ=1
λ
γ
kψm(hγ) (26)
We separately alulate
A =
β−2∑
γ=1
λ
−γ
k ψm(hγ) and B =
β−2∑
γ=1
λ
γ
kψm(hγ).
à). Denoting λ2k = λ
−1
k = λ2m−1−k and using (6), we have
A =
β−2∑
γ=1
λ
−γ
k ψm(hγ) =
β−2∑
γ=1
λ
−γ
k
1
2
(
ehγ − e−hγ
2
−
m−1∑
k=1
(hγ)2j−1
(2j − 1)!
)
=
=
1
4
(
β−2∑
γ=1
λ
γ
2ke
hγ −
β−2∑
γ=1
λ
γ
2ke
−hγ − 2
m−1∑
j=1
h2j−1
(2j − 1)!
β−2∑
γ=1
λ
γ
2kγ
2j−1
)
.
From here, using formulas (2) and (3), we get
A =
1
4
(
λ2ke
h
1− λ2keh
−
λ2k
eh − λ2k
− 2
m−1∑
j=1
h2j−1
(2j − 1)! · (1− λ2k)
2j−1∑
i=0
(
λ2k
1− λ2k
)i
∆i02j−1−
−
(λ2ke
h)β−1
1− λ2keh
+
(λ2ke
−h)β−1
1− λ2ke−h
+ 2
m−1∑
j=1
h2j−1λ
β−1
2k
(2j − 1)! · (1− λ2k)
2j−1∑
i=0
(
λ2k
1− λ2k
)i
∆i(β − 1)2j−1
)
.
Whene, taking into aount denition and properties of Euler polynomial and also formula
(12), we obtain
A =
1
4
(
λ2kP2m−2(λ2k)
(λ2keh − 1)(eh − λ2k)(1− λ2k)2m−1
−
(λ2ke
h)β−1
1− λ2keh
+
+
(λ2ke
−h)β−1
1− λ2ke−h
+ 2
m−1∑
j=1
h2j−1λ
β−1
2k
(2j − 1)! · (1− λ2k)
2j−1∑
i=0
(
λ2k
1− λ2k
)i
∆i(β − 1)2j−1
)
.
Sine λk is a root of polynomial P2m−2(λ), then we have
A =
1
4
(
−
(λ2ke
h)β−1
1− λ2keh
+
(λ2ke
−h)β−1
1− λ2ke−h
+
8
+2
m−1∑
j=1
h2j−1λ
β−1
2k
(2j − 1)! · (1− λ2k)
2j−1∑
i=0
(
λ2k
1− λ2k
)i
∆i(β − 1)2j−1
)
.
á). As in ase à), by using formulas (6), (2), (3), (12) and taking into aount that λk is a root
of polynomial P2m−2(λ), we have
B =
β−2∑
γ=1
λ
γ
kψm(hγ) =
β−2∑
γ=1
λ
γ
k
1
2
(
ehγ − e−hγ
2
−
m−1∑
k=1
(hγ)2j−1
(2j − 1)!
)
=
=
1
4
(
−
(λke
h)β−1
1− λkeh
+
(λke
−h)β−1
1− λke−h
+
+2
m−1∑
j=1
h2j−1λ
β−1
k
(2j − 1)! · (1− λk)
2j−1∑
i=0
(
λk
1− λk
)i
∆i(β − 1)2j−1
)
.
Keeping in mind A and B from (26) we get
Dm(hβ) ∗ ψm(hβ) =
1
4p
m−1∑
k=1
Akλ
β−1
k
(
−
(λ2ke
h)β−1
1− λ2keh
+
(λ2ke
−h)β−1
1− λ2ke−h
+
+2
m−1∑
j=1
h2j−1λ
β−1
2k
(2j − 1)! · (1− λ2k)
2j−1∑
i=0
(
λ2k
1− λ2k
)i
∆i(β − 1)2j−1
)
−
−
1
4p
m−1∑
k=1
Akλ
−β−1
k
(
−
(λke
h)β−1
1− λkeh
+
(λke
−h)β−1
1− λke−h
+
+2
m−1∑
j=1
h2j−1λ
β−1
k
(2j − 1)! · (1− λk)
2j−1∑
i=0
(
λk
1− λk
)i
∆i(β − 1)2j−1
)
−
−
1
2p
m−1∑
k=1
Akλ
−2
k
(
ehβ−h − eh−hβ
2
−
m−1∑
j=1
(hβ − h)2j−1
(2j − 1)!
+ λk
ehβ − e−hβ
2
−
−λk
m−1∑
j=1
(hβ)2j−1
(2j − 1)!
+ λ2k
ehβ+h − e−h−hβ
2
− λ2k
m−1∑
j=1
(hβ + h)2j−1
(2j − 1)!
)
+
+
1
2p
(
−2eh +
m−1∑
k=1
Ak
)(
ehβ−h − eh−hβ
2
−
m−1∑
j=1
(hβ − h)2j−1
(2j − 1)!
)
+
+
1
2p
(
2C +
m−1∑
k=1
Ak
λk
)(
ehβ − e−hβ
2
−
m−1∑
j=1
(hβ)2j−1
(2j − 1)!
)
+
+
1
2p
(
−2eh +
m−1∑
k=1
Ak
)(
ehβ+h − e−h−hβ
2
−
m−1∑
j=1
(hβ + h)2j−1
(2j − 1)!
)
. (27)
Now in equality (27) we will group oeients of ehβ, e−hβ and (hβ)n.
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First onsider oeients of ehβ. From (27), using (9), (10), (11), after some alulation we
get
ehβ+h
2p
m−1∑
k=1


(1− λk)
2m−2
λk
2m−2∏
i=1,i6=k
i6=2m−1−k
(λk − λi)
−
(λk − 1)
2
λk

 .
Hene for m = 1, 2, 3, taking aount of (15), we obtain
ehβ+h
2p
m−1∑
k=1


(1− λk)
2m−2
λk
2m−2∏
i=1,i6=k
i6=2m−1−k
(λk − λi)
−
(λk − 1)
2
λk

 = 0.
Now onsider oeients of e−hβ. From (27), taking into aount equalities (9), (10), (11),
(15) for m = 1, 2, 3, we get
−
e−hβ+h
2p
m−1∑
k=1


(1− λk)
2m−2
λk
2m−2∏
i=1,i6=k
i6=2m−1−k
(λk − λi)
−
(λk − 1)
2
λk

 = 0.
We onsider oeients of (hβ)n. From equality (27) we obtain
F5 =
1
2p
m−1∑
j=1
h2j−1
(2j − 1)!
[m−1∑
k=1
Ak
(
λk
λk − 1
2j−1∑
i=0
1
(λk − 1)i
∆i(β − 1)2j−1−
−
λ−2k
1− λk
2j−1∑
i=0
(
λk
1− λk
)
∆i(β − 1)2j−1 +
(1− λ2k)(β − 1)
2j−1
λ2k
)
+
+2eh(β − 1)2j−1 − 2Cβ2j−1 + 2eh(β − 1)2j−1
]
. (28)
From equality (28) for m = 1 immediately we obtain, that F5 = 0.
Let m = 2, then from (28) we have
F5 = A1
(
λ1
λ1 − 1
(β − 1 +
1
λ1 − 1
)−
1
λ21(1− λ1)
(β − 1 +
λ1
1− λ1
)+
+
(1− λ21)(β − 1)
λ21
)
+ β(2eh − 2C + 2eh).
Keeping in mind (10) and (11) we obtain
F5 = 2β
(
λ1(e
2h + 1)− eh(λ21 + 1)
λ1
−
λ1(e
2h + 1)− eh(λ21 + 1)
λ1
)
+
+A1
(
λ1(2− λ1)
(λ1 − 1)2
−
2λ1 − 1
λ21(1− λ1)
2
−
1− λ21
λ21
)
= 0
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Let m = 3, then from (28), we get
F5 =
1
2p
2∑
j=1
h2j−1
(2j − 1)!
[ 2∑
k=1
Ak
(
λk
λk − 1
2j−1∑
i=0
1
(λk − 1)i
∆i(β − 1)2j−1−
−
λ−2k
1− λk
2j−1∑
i=0
(
λk
1− λk
)
∆i(β − 1)2j−1 +
(1− λ2k)(β − 1)
2j−1
λ2k
)
+
+2eh(β − 1)2j−1 − 2Cβ2j−1 + 2eh(β − 1)2j−1
]
. (29)
Hene for j = 1 using (18), we have
2∑
k=1
Ak
(
λk
λk − 1
[
β − 1 +
1
λk − 1
]
−
λ−2k
1− λk
[
β − 1 +
λk
1− λk
]
+
(1− λ2k)(β − 1)
λ2k
)
+
+β(4eh − 2C) = β
(
2∑
k=1
Ak
λk + 1
λk(λk − 1)
+ 2eh
2∑
k=1
λ2k + 1
λk
− 2(eh + 1)2
)
+
+
2∑
k=1
Ak
(
λk(2− λk)
(λk − 1)2
−
2λk − 1
λ2k(1− λk)
2
−
1− λ2k
λ2k
)
= 0.
From (29) for j = 2, grouping by powers of β and after some simpliations we get
2∑
k=1
(
λk
λk − 1
3∑
i=0
1
(λk − 1)i
∆i(β − 1)3 −
1
λ2k(1− λk)
3∑
i=0
(
1
1− λk
)
∆i(β − 1)3+
+
1− λ2k
λ2k
(β − 1)3
)
+ 2eh(β − 1)3 − 2Cβ3 + 2eh(β + 1)3 = 0.
So we proved that in equality (27) for m = 1, 2, 3 all oeients of ehβ, e−hβ and (hβ)n are
zero. Theorem 3 is proved.
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